
A PERIODIC PROBLEM OF HEAT CONDUCTION 

IN A HOLLOW iNFINITE CYLINDER 

R. S. M i n a s y a n  UDC 536.2.01 

The problem of radial  distr ibution of t empera tu re  in an infinite hollow cylinder is solved in 
the presence  of heat exchange with the surrounding medium in the case in which the heat ex-  
change coefficients a r e  periodic functions of t ime. 

In pract ice,  among various cases  of heat exchange between a body and the surrounding medium, one 
comes quite frequently ac ross  a case in which the heat exchange coefficients vary  in the course of time. 
An explicit solution is given below to the problem of radial  distribution of tempera ture  in an infinite hollow 
cyl inder  of c i r cu la r  c ro s s  section, in the presence,  on the outer and inner surfaces ,  of heat exchange with 
the surrounding medium when the heat-exchange coefficients are  periodic functions of t ime.  Such problems 
ar ise ,  for example, in the case of periodical ly alternating vaporizat ion and s team condensation on surfaces  
o r  in a per iod ic  blowing or  injection into a coolant nozzle, etc. It is assumed that heat sources  within the 
body vary  periodical ly.  In this case the t empera tu re  distr ibution function u(r, t) is a solution of the follow- 
ing differential equation [1]: 

Ou ( 0 2 u  1 Ou) l _ ~ p  - - = a  - - + - - - -  + ( r , t )  (1) 
8t Or ~ r Or cp 

with the boundary conditions 

o .  , ~ , =  i,~ (0 [s~ (t) - .  (R,, 0], 
or (2) 

where a = X/cp is the coefficient of t empera ture  conductivity; )t is the heat-conduction coefficient; p is the 
body density; e is the heat capacity coefficient; P(r,  t) is the rate of heat re lease;  hi(t), St(t), h2(t), S2(t) are 
the heat-exchange coefficients and the teraperature  of the surrounding medium on the surfaces  r = R 1 and 
r:= R 2 respect ively .  As regards  the functions hi(t), h2(t), Sl(t), S2(t) and P(r,  t) one assumes  that they are  
of bounded var ia t ion in the interval  (0, d) where ~ denotes the period of the function u(r, t). 

If to Eq. (1) one applies the finite complex Four ier  t ransformat ion  with respect  to time t then the 
following differential equation is obtained for  the image of the function: 

F~ (r) -~ 1 F'k (r) -i- _]~'k F~ (r) = - - - l l  Ph (r), (3) 
r a ~, 

where 

/"~ (r) = S u (r, t) ei'ddt, Pa (r) = j" P (r, t) e':Vk~dt; 
(~ 0 

Solving Eq. (3) one obtains 

Yk -- 

F~, (r) - 

2kn 

p 

R~ 

where, for brevity, the notation 

R~ 

r 

(4) 
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[~h = a 

is introduced,,  ,In the above J0(x), Y0(x) a re  Besse l  functions of zero  o rd e r  of the f i r s t  or  second kind r e -  
spectively; M~ 0 '~ and M~ ~)'~ are  integrat ion constants .  

For  k = 0 one has 
R.~ ;, 

;" R~ 

In accordance  with the invers ion  formula  [2], the fo rmula  which gives the original  in t e r m s  of the 
image of the function is given by the s e r i e s  

c o  

1 ~ F ~  (r) e -~v~. (6) u(~, t) = - - ~  

P r i o r  to de termining the constants M(~ ) and M(k ~) the boundary conditions (2) a re  modified and rewr i t ten  
a s  

au 1 + h~*u (R .  t) =- h, (t) S~ (t) - -  [h~ (t) --  h~] u (R.  t); 
Or r=R~ 

(7) 0.[ 
a~ ,=R. + h~. ( ~ ,  0 = h~ (t) S~ (t) - -  [ ~  (t) - -  h ; ] .  ( ~ ,  t), 

where 

h* ; h (t)dt 
l l " 

0 

Applying the finite complex Four i e r  t r ans fo rmat ion  to the conditions (7),the following totali ty of infinite 
sys tems  of l inear  a lgebra ic  equations is obtained for  the determinat ion of M(~ ) and M(~): 

I ~ 1 [M(2)___ I rP~(r)Qh(r, R~)dr M~ ~) = - ~  Q~ (R~, R~) - -  ~ '  M~)C(~) -[- ~ h~ (t) S~ (~)e~'~*t dt - -  

R~ 
(8) 

- -  ~ ~ ,_i ~ j'h2(t)S~(t) e~Vddt - -  M~ ~ . . . . . .  rPh(r)Q.~(R ~, r)dr . 

In the above 

w P  = ~../--~ [y,, (I/T~,.,hR~) ] ;  ( /T~R~) --  Jo (r  ~ ( r + h~e,, (R:,, Rg, (,9) 

1 j hl(t)e~Vddt, 1--= t; 2, c p  = y 

o 

in whieh the dash under the summation sign indicates that the t e r m  corresponding to j ; k  is omitted. 

F o r  k = 0 one obtains 
R~ 

= In R1 L i=-~ o R1 ~ j r ' 
~, (Io) 
R~ { [ -  +i; ,.]} 

M?) =-u In -~R2 _ ~N' M(2)C(2~'-k ~ - '  + ~ M~~ . ~  rP~ In--drR1 ' 

where 
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W(01 ) =_-= 1 + h~ In Ru W(0U ) 1 Re R--~ R~-' = -R~ + h; In R~-" 

To inves t iga te  the s y s t e m  (8) and (10) one sepa ra t e s  f i r s t  the r ea l  and imag ina ry  par t s .  One in t ro-  
duces  the notat ion 

5 

M~l) = (mlt) + in~t))tk [ 4 , M(0Z ) = mt0t), I = 1; 2, (11) 

and one obtains f r o m  (8) the following re la t ions  for  the new unknowns m (1) and n(~): 

5 5 ~ 5 

1 {m(o~) k 4 A(J)LU) D(k~)N(k~))+ k 4 4 A~. ~) ~ 4- (Dg). q- Dg).) N(,~)) m~ 1) 2g~1) ( ~ ~ + ~ '  ] [m} l) (( . - i  ~ A~i)L(kl) . . . .  t - -  . - e , "  e } 

]=1 

~+i' k Jf -i- ~ -  [mi2) ( ; I ' ) +  h~h (R,, R2)) a. n(2)(,(,) -t- h,t~ (R,, R2))} + Pi'), 

5 5 c~ 5 

Fb(kl) : 2 ~ ( I  ) {m~ll k-i-(D(k~)L~ I) A(,)N(I),J- k ' , ~ - I "  ~ x ~-f-! - -  t~--J I 

]= l  

+ n}" ~(Ar --A~.',).~ L~" -- (D") -- D~.. ) Ng.)] 
L"  e - - 1  ~- i - t"  k-i f]  ~ - - ]  

+ ~ -  [mr 2, (*i t) -c- h;~ (R.  Rz)) - - n f ) ( ~ )  ~ * (12) 

In the above the following notat ion was  introduced:  

A(kO=-- ~- h~(t)cosy~tdt, ~ h~(t)siny~tdt, I = 1 ;  2, 

0 0 

e~ ~, = [;~,, + h;n~ (~. R~)] ~ + [,~') + h~ .  (el, ~)3~, 

Lp = t#~n~ (R. R~) + , p ~  (R. ~)  + h; [n~ (R. R~) + ~ (~. ~)], 

~h (x, g) = ker (,u~x) ber (~g) --  kei (~x) bei (ltag) --bet (~x) ker (~g) + bei (~x) kei (~hy), 

~ (x, g) = kei (l~x) bet (l~kg) + ker (~x) bei (t%g) - -  bei (Ixhx) ker (ling) --her (tthx) kei (~hg); 

~(~) = p~ [kei' ([z~R~) bei (l%Rz) - -  ker' (~R0  ber (~R~)-- bei' (~R~) kei (I~R~) + ber' (ia~R~) ker (~R~)], 

N~ (*) = ~(~)~ (R,, R2) - -  9(~)~1~ (R~, R2), (13) 

R~ 
= g ~  - - . ~ . . .  rP (r, t) [ ( ~ )  + hl~l~ (R~, R~)) (n~ (r, R~) :c ~, ~,,j 

R~ o 

+ ~h (r, R~) sin y~t) + (~p~') + h ~  (R~, Rz)) ( ~  (r, R~) cos ~ 

8 

- -  ~l~ (r, R~) sin y~t)] dtdr + S h~ (I) S~ (t) (L~, ~) cos ~ t  + N~ ~) sin 5'~t) dr!, 
) 

0 
5 Re ~" 

R~O 

- ~ (~, R~) cos vat) + (,~') + h:~ (R. R~)) (n~ (r, R~)~os ~ t  

+ ~ (r, Rz) sin y~/)] dtdr + ~ h, (t) S~ (t) (L~') sin 5,hi - -  N~') cos y~t) dt , 
0 

where  ber(x),  bei(x), ker(x) and kei(x) a r e  Thomson  funct ions of ze ro  o r d e r  of the f i r s t  and second kind r e -  
speet iveIy  which a re  the r ea l  and i m a g i n a r y  par t s  of a Besse l  funct ion of the complex a rgumen t .  

The values  of the unknowns m(~)and n(k )are  given by the following s y s t e m s  of equations: 
5 5 fi 

rap) = --  _~;o0,~! ) {mto~) k ~ (A(~)L(~:) + Dp)N~)) + ~ ~ ~ '  l" ~ [m}~) ((A~i + A(~) i f )  + (O (~)~+~ + D~.)iN~ ~)) 
i=1 
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5 5 m 5 

(~4) 

(2) *~ } 

-" R2 k ~ , - 

w h e r e  

~z~ = ~ [ber' (~%R~) ker (~th/~ 0 - -  bey (~R~) kei Q%R~) - -  ker' (ufl~) bet ( ~ R  0 + kei' (,~fl~) bei (,~aRO], 

~ = ~ [bef (~R~) ket (~fl~0 + bei' (~R~) ker (~R~) - -  ker' (~hR~) bet (~fl~0 - -  kei' (~fl~a) bet (~R~)], 
5 - -  R~ O, 

n?~ = e7 ~ ~ ~R~ , ~P <:' t) [( +,~n~(R,,  

- -  ( ,~? + h;~ (~,, ~)) (,l,~ (~,, 0 ~. ~ - -  ~ (R,, n oo~ ~V)] d~d, + j ~,~(t) s~(0 (L~ ~o~ v~ + NX ~ ~n ~)  ~ }. (~a> 

5 

R1 0 

- ~ (~, :) co~ w0 + ( W ) + h;~ (R. %) 

~ } • (~% (R~, r) cos 3(~t + ~k (Rt, r) sin 'Yht)] dtdr -4- j" h z (0 S~ (t) (L~ 2) sin ?h$ - -  Np} cos y~t) dt . 
0 

F o r  k = 0 one h a s  

.* 5 R2 

�9 I ~ , D r n ? ) ) - 4 : - - - F  rP(r ,  t) tn d~dr 
R1 

] ~ i  ~ 0 

5 

o 

m~o2 ~ t R~ 4 = - -  tn -R-~ ] .J(A(;)m(2)s _a, D( 2)f n(mt, 
]=l  

~.z..-,zm(~') 1 YS R'~-~rdtdr+In ~R2Yhe(t)S2(t)dt]" 
R, 0 0 

In  th i s  m a m ~ e r  the to t a l i t i e s  of the inf ini te  s y s t e m s  (12), (14) and (16) have  b e e n  obta ined  to d e t e r m i n e  ml} ), 
(2) (,) (2) . . . . . .  

m . ,  n ,  and n , . .  To  m~,esh~ate  t he se  s y s t e m s  an e s t i m a t e  t s  found f i r s t  of the  s u m  of the  m o d u h  of the 
k K K ~ H ~'1 - 

coe f f l c t en t s  of  the unknowns m ' (  ) and n'( ) of  e a c h  of the equa t ions .  If one b e a r s  in  mind  the p r e v i o u s l y  a s -  

s u m e d  bounded v a r i a t i o n  of t he ' f unc t i ons  hi(t) and h2(t) in the i n t e r v a l  (0, ~) and u s e s  an  e s t i m a t e  f o r  the 
1 

F o u r i e r  coe f f i c i en t s  of  func t ions  of  bounded v a r i a t i o n  [3t as  weI1 as  the Hb lde r  inequa l i ty  one obta ins  a f t e r  
some  s impl i f i ca t ions  the fol lowing e s t i m a t e  fo r  the sum cr!~) of the modul i  of the coef f ic ien ts  of the unknowns 
in the  k - th  equa t ion  of the f i r s t  s y s t e m  (12): 

2 _L , H~ 

In  the  above  H i and H a a r e  the to ta l  v a r i a t i o n s  of the func t ions  hi(t) and h2(t) in  the  i n t e r v a l  (0, d) r e s p e c -  
t i ve ly .  M o r e o v e r ,  us ing  an a s y m p t o t i c  r e p r e s e n t a t i o n  f o r  the T h o m s o n  func t ions  [4] one obta ins  
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w h e r e  

ec~(x) 
bet (x) = "V---2-~-" cos 13 (x), 

ker (x) = | / /  z~ e~(_x) cos [3 (-- xL 

e ~ ( x )  
bei (x) = V " ~  sin t3 (x), 

kei ix) = l /2 -~-~  e ~(-~)sin [3 ( - -  x), 

x 1 25 I3 �9 
a (x) . . . . .  ,~.. ~ . -  384x ') V )-- ' 8x  V2--  }z2--~ 128x: . . . .  

x ~ I ~ 25 ~(x) _ 
2 8 8x V 2  i6~  384x ~ ] / '2-  + . . . .  

(18) 

(19) 

and f o r  Pk > 1 - 2 5 / ( R 2 - R 1 )  one  ob ta ins  

/72 - -  Rl 

One c a n  see  f r o m  (19) tha t  ~(~) a p p r o a c h e s  z e r o  a t  a r a t e  of O(k - i /4 )  and b e c o m e s  l e s s  than  unity s t a r t i n g  

with s o m e  k. S i m i l a r  e s t i m a t e s  f o r  the s u m s  of the modul i  of the coe f f i c i en t s  a r e  obta ined in the  r e m a i n i n g  

k/ ,.)(l) s y s t e m s  (11) and (13). I t  can  be  s e e n  f r o m  (13) and (15) tha t  the  f r e e  t e r m s  p ) and "~k r e m a i n  bounded in 

t h e i r  to ta l i ty  and a l so  a p p r o a c h  z e r o  at a r a t e  of O(k- i /~)  . By the t h e o r y  of inf ini te  s y s t e m s  [5] the to ta l i ty  
of  the s y s t e m s  (12), (14) and (16) has  a unique bounded so lu t ion  and can  be obta ined by s u c c e s s i v e  a p p r o x i -  
m a t i o n s .  

By  i n s e r t i n g  into (4) the  va lue s  of  ~ ( 0 a n d  lVI!: ) g iven  by  (11) and g roup ing  t o g e t h e r  in (6) the conjugate  
t e r m s ,  one f ina l ly  ob ta ins  f o r  u(r ,  t) 

u (r, t) = ~) (ln G - In G)  ~ (  - 2 -  
r Q 

r ~ 2 
q-In~(m(~162 ~)~, RI ] ~=1 r~z~(R" R2)-k~(Ri, R2) 

5 r 

1 

R~ 0 
5 

r 
1 

5 R~ 

1 J" f ? , I p ( F 1  ' t l ) (~ /~ ( f l  ' Rg) COS~/~ ( t l __ t  ) + G (G, r) [~- T (rap> cos vkt + n~ ~ sin,;~t) - T 
r 0 

5 

-+--~ qP(r:, 6)(n~(rl, R2)siny~(tl--t)-- ~(q, Ra)c~ , 
r 0 

(21) 

where 
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(22) 

I t  c an  be s e e n  f r o m  (22), (11), (13), (18) and (19) that  the t e r m s  of the s e r i e s  (21) d e c r e a s e  at  the r a t e  of 

O(k -2 + k - 5 / %  - ' /2#k(R2-r)  + k -5 /%- ' / 2pk ( r -R1) ) .  T h e s e  e s t i m a t e s  show that  the s e r i e s  (21) t o g e t h e r  with i ts  

f i r s t  d e r i v a t i v e s  is  c o n v e r g e n t  in the r eg ion  R 1 < r < R 2 and that  at a point of d i scon t inu i ty  of the funct ion 
P( r ,  t) the funct ion  

at r Or ~ u (r, t) 

c o n v e r g e s  to 

1 
4c,o [~ (r + 0, t + 0) + p (r + 0, t - -  0) + p (~--0, t + 0 ) + p  (r - 0, t - 0 ) ] .  

If the va lue s  of  the funct ions  Sl(t), S2(t), P ( r ,  t) a r e  g iven  and a l so  of the coe f f i c i en t s  of hea t  exchange  hi(t) 
and h2(t) a s  wel l  as  the r a t i o s  B 2 / R  1 and a$/R~, and if,~the systems,, (12), (14) and (16) a r e  solved the e s t i -  
m a t e s  f r o m  above and f r o m  below a r e  ob ta ined  fo r  m ~  ) and n~); subsequen t ly ,  us ing the method  d e s c r i b e d  
in [6] one can  find the va lue s  of u(r ,  t) both by de f i c iency  and e x c e s s .  It was  shown in [7] that  if the hea t  
exchange  coe f f i c i en t s  hi(t), h2(t) a r e  ac tua l ly  g iven  as wel l  as the funct ions  St(t), Sa(t) and P( r ,  t) one can  
c o n s i d e r a b l y  a c c e l e r a t e  the r a t e  of d e c r e a s e  in the coe f f i c i en t s  d e t e r m i n e d  f r o m  the inf ini te  s y s t e m s  by a 
t r a n s f o r m a t i o n  of the unknowns ml ! )and  n~); thus the n u m b e r  of o p e r a t i o n s  r e q u i r e d  to obta in  the specified 
in advance accuracy of the solution can be considerably reduced. 

In conclusion some particular cases will be considered. 

a) The cases are considered in which hi(t) and h2(t ) are periodic piecewise linear discontinuous func- 
tions given by 

hl(t)=h~o+ha[ k~(t-'~z),~ E(k t t--~9~ ) l #  , I = 1 ;  2, (23) 

w h e r e  k l a r e  pos i t ive  i n t e g e r s  and E (x) is  the i n t e g r a l - p a r t  funct ion.  F r o m  (13) one obta ins  

A~ l) = 2hlo + & .  

w h e r e  j i s  a pos i t i ve  i n t e g e r .  

l 0 for k~leff, 
A p  - 0, (k > 1), D(1) = _ h .  for k - - k j ,  

The  case  i s  now c o n s i d e r e d  in m o r e  deta i l  in which, fo r  e x a m p l e ,  k 1 = 1, h2(t ) = h20 = cons tan t .  It  is 
a s s u m e d  as  r e g a r d s  Sl(t) and S2(t) that  they a r e  cont inuous  and have  a, d e r i v a t i v e  which is  of bounded v a r i a -  
t ion  a l m o s t  e v e r y w h e r e .  It is  a l so  a s s u m e d  that  P( r ,  t) = 0. The s y s t e m  (12) is t r a n s f o r m e d  by denot ing  

, , r  = y --, 

where 

9 

m~ 1) = 31(0)  ~ - -  H'go - -  2 ~ m ~ ]  4 ,  

i=l  
1 

n~l)=  ~ me k 4 + n~ 
T .k 

(24) 

3 
4~  2 

hna- ~ (I + 2hioR i + hl lRi) :  
m = 8:~Ri 

T = I +  

3 

2v Z ] 2 hllw5 (1 4- 2hl0R0. 
24Ri 

(25) 
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To determine the new unknowns the following sys tem of linear equations is obtained after some t r ans fo rma-  
tions by insert ing the values ml~ and n~ f rom (21) into (12): 

5~ , 3 ! 

m ;  = - -  ]'ll]V~I =(1) / ~ -  { @ = 1 @  @' %'~" 2+4@(2%"~--03)~hl~(f~('V[~2+g(k I, :1~ 2%,2=[~__fj3 .) 

5 

X X ( ') ' v I = - = ] ~' kL(~)n~ --lmi +m~k 4 

i=~ i =l 
5 

~k 4 
+ ..(,> Ira(2 ""('>+ (2h,o+ h~l) ~ (R. n=)) --  n(~=) ( ~(2 + (Sh,o + hl~) n~ (R,, ~2))] hlQv~ Rz Irk 

(26) 

4_ I { hio# @ t)S~(o T[L(~l) sins, kt--cosy~t ) dt}, 
' Y S [  s l ( 0 + `  ',11 J '  ~]) 

0 
5 

hnLi~) k-- ( - - -  ,he(k1) v , ]LiI)--kN(kl) , ] 4 
n~= ~gi~ ) + , ~  ~ + ( 2 , , ~ - o ) -  h . C  k ~ . . . . . . .  

L i l )  g f  (k ~ - ? )  k'- - ? 
5 J=~ i = l  

9 

kNi~)n~ m* ' ~k 4 m!=)(*fl ) (2h,o+h~)~h(R,,  ~i 1) (2h~o R2))l 
x ira;@ Li~)  ] +  , k  ' ~ hnLll>R1 [ = ,  ,: + R2))-'ni~)( + +hn)n~(R~, 

N(J ) 

l , I  ?,('>+ +') 4. 
0 

If the asymptot ic  representa t ion  (18) and (19) for the Thomson functions is used one finds that the sums 
of the moduli of the coefficients  in the k-th equation of the s y s t e m  (26) as  well as the f ree  t e rms  dec rease  
at the ra te  of O(k -1/4). 

As far  as m(~ ) and n I)  a re  concerned the s e r i e s  appearing in Eq. (14) d isappear  in due time and m( l 
and n i )  can be determined f rom the following expression:  

1 3 �9 
m~2 ) = ~ 1  _ (.k 4 _~_ (2V~ n -- ~0) k- T )  + [~(k 2) + h~0~l h (R. R2)] 

1 

'-T-m~ ~ ; _ k [%(2)+h20~(R. RD] + h2~ k* S ' ~ ( t ) ( N p ) c o s w t - - L ( ~ s i n y ~ t ) d t  , 

1 , < ,  _-+ ng~) = -~(,-2y-/t  - ~  ra0~ --  11o(~ =) 4-h~on~(R~,R~)]" (27) 

-§ + 

'~  } 
h~o~2~ ~T ~ s; (t) C p  cos ,~t + N(~> sin Vg) dt .  

o 

b) If h,(t)and h~(t)are piecewise  constant: h/(t) = h(I) for t~t)< t < t(~), one obtains 
ft i 

A(~ ) =:= _ 2 ' ~  (h(.n - -  h(t)) sin y~/}o; 

o 1 

D(~n == Yh ~2 ~ (t@', ~ hq))~ cos yht( n,l 

where fll is  the number  of discontinuit ies of the function hl(t) in the interval  (0, 0). 
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c) In the case in which the graph of the functions hi(t ) and h2(t ) represents a toothlike curve, "a fence~': 

the Fourier coefficients of the functions h i (t) and h 2 (t) are ~ven by 

0 for k =/= (2j -- i) ~z, 

= = 2thl for k = ( 2 ] -  1) ~z, D~0 = 0. 
(2] 1) o- ~2 

d) F o r  hl(t ) = eonst  and h2(t ) = eonst  the infinite s y s t e m s  of l inea r  equat ions  (12) and (14) degene ra t e  
into equa l i t i e s  and the so lu t ion  is  then  ident ica l  with the one obtained by us ing c l a s s i e a i  me thods .  
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